We revisit the fundamental topic of light scattering by single homogenous nanoparticles from the new perspective of excitation and manipulation of toroidal dipoles. It is revealed that besides within all-dielectric particles, toroidal dipoles can also be efficiently excited within homogenous metallic nanoparticles. Moreover, we show that those toroidal dipoles excited can be spectrally tuned through adjusting the radial anisotropy parameters of the materials, which paves the way for further more flexible manipulations of the toroidal responses within photonic systems. The study into toroidal multipole excitation and tuning within nanoparticles deepens our understanding of the seminal problem of light scattering, and may incubate many scattering related fundamental researches and applications. 
Introduction
Stimulated by the recent experimental demonstration of toroidal dipoles (TDs) excited on the platform of metamaterials consisting of specially organized split ring resonators [1] , studies into TDs and more generally toroidal multipoles (TMs) within photonic nano-systems have attached surging attention [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Compared to conventional electric and magnetic multipoles, TMs can be viewed as poloidal currents flowing on the surface of a torus along its meridians, or as a series of magnetic dipoles (enclosed circulating currents) aligned along enclosed paths [14, 15] . For the near field in terms of charge-current distributions, TMs are contrastingly different from their electric and magnetic counterparts [5, 7] . In the far field however, TMs and conventional electric multipoles are indistinguishable [5, 7] , which results in the situation that in various scattering theories concerning particle scattering, TMs are not considered as separate entities [16, 17] . Generally under most circumstances, the contributions of TMs have been incorrectly attributed to conventional electric multipoles, rendering TMs unfortunately as missing or hidden terms.
Following the first experimental demonstration of TDs [1] , TMs have been observed in various configurations, most of which (influenced by the configuration designed in Ref. [1] ) are kind of toroid-shaped composite structures [2] [3] [4] [5] [6] 9] . This is understandable: the corresponding charge-current distribution of TMs is in a toroidal shape and naturally in such composite structures TMs can be efficiently excited. But this unfortunately leads to more or less a dogma that TMs can only be observed in carefully engineered compound structures and consequently there have been very few searches for the existence of TMs in simple individual structures [8] . Only recently it is shown decisively that TMs can be excited within single scattering particles of fundamental (spherical or cylindrical) shapes, which also have been proven to play indispensable roles for some exotic scattering properties [10, 11, 13] . The incorporation of TMs extends significantly our understanding of the fundamental problem of light scattering by spherical and cylindrical particles. Moreover, considering that the scattering of spherical and cylindrical particles is the cornerstone of many scattering related fundamental studies and applications, the incorporation of TMs into scattering photonic systems can possibly spur further breakthroughs in sensing, nanoantennas, nanoscale lasing and photovoltaic devices [18] .
Here in this article we restudy the seminal problem of plane wave light scattering by homogenous spherical nanoparticles, but from a new angle of excitation and manipulations of TDs. It is demonstrated that, similar to all-dielectric particles, even a homogenous metallic spherical nanoparticle can surprisingly support TDs in the spectral region beyond the quasi-static regime. We further show that radial anisotropy can be employed to tune spectrally the TDs excited, providing extra freedom for TMs manipulations, which can possibly find significant applications in TMs related topics, especially those where near-field distributions of fields and currents play a crucial role.
Methods and Expressions

Conventional Multipole Expansions and Emerging Toroidal Multipoles
To obtain the radiated fields of an arbitrarily distributed charge-current source, the general approach is to firstly calculate the retarded vector potentials and then get the associated electromagnetic fields from those potentials [16] . When the retardation effect within the charge-current source can be neglected (in other words the geometrical dimension of the source is far smaller than the effective wavelength and thus the quasi-static approximation can be applied), the vector potentials can be Taylor-expanded into multiple terms of different orders, from which the conventional electric and magnetic multipoles can be deduced [16] . For example, the zeroth order expansion term corresponds to the conventional electric dipole P [the exp(−iωt + ik · r) notation has been adopted where k and ω denote wave-vector and angular frequency respec- ((a) Schematic illustration of the scattering of an incident plane wave by a spherical particle of radius R. The spherical particle can be homogenous and isotropic with reflective index n, or can be radially anisotropic with radial permittivity ε r and transverse permittivity ε t = n 2 . The anisotropy parameter is defined as η = ε t /ε r (η = 1 for isotropic spheres). The plane wave is polarized (in terms of electric field) along x direction and is propagating along z direction. (b) Schematic illustration of the toroidal dipole excitation within the spherical particle. Both the current J and magnetic field H distributions have been shown.
tively]:
and the first order expansion term includes both conventional electric quadrupole and magnetic dipole M:
where c is the speed of light. Since M corresponds to the higher order term of the Taylor expansion, it results in more or less the mind-sets that: (1) P should be stronger than the M and (2) like most higher order modes [19] , M should be supported at higher frequencies than P. Nevertheless, we should keep in mind that the Taylor-expansion of the vector potentials [16] is based on the quasi-static approximation, and thus when the precondition of this approximation does not exist, the above conclusion is not valid anymore. An outstanding example of this is the recent demonstration of optically-induced magnetic response of higher permittivity dielectric particles [20] [21] [22] , where M is supported at lower frequencies and can be stronger than the electric dipole. The other consequence of the breakdown of the quasi-static approximation is that the conventional electric and magnetic dipoles [Eqs. (1)- (2)] and higher order multipoles do not form a complete set and thus other multipoles have to be included as correcting terms [7, 14, 15] . For dipolar responses, besides M and P, the lowest order correcting term would be the toroidal dipole:
The scattered power of P and T are respectively:
where µ 0 is the vacuum permeability.
Electric and magnetic multipoles associated with spherical harmonics of Mie scattering particles
For spherical (both homogenous and multi-layered) particles with incident plane waves of electric field E 0 , the scattered electric field can be expressed as [17] (1)- (2) . For this far-field equivalence, it is natural to define another spherical harmonics based electric dipole as [10, 11, 17, 23, 24] :
where ε 0 is the vacuum permittivity, and the associated scattering power of P(a 1 ) is [10, 11, 15] :
We note here that P(a 1 ) has been obtained based on the far scattered field expansion and thus has included all the dipolar transverse magnetic components [11, 17] . In contrast, the conventional electric dipole P shown in Eq.(1) has been obtained based on the near-field current integration, and here the current J(r) can be expressed as:
where ε(r) is a scalar if the particle is isotropic and a tensor if the particle is radially anisotropic. The conventional electric dipole P is only the lowest order expansion term of P(a 1 ) shown in Eq. (6) . Similarly, the toroidal dipole T shown in Eq.(3) is the next higher order expansion of P(a 1 ). So basically P(a 1 ) can be expressed as [10, 11, 14, 15] :
where ℵ denote higher order correcting terms of P(a 1 ) with respect to kR [14, 15, 25, 26] . As is shown in Eq.(9) the multipole expansion of the far scattered fields based on spherical harmonics is complete [Eqs. (5)- (6)] while the conventional multipole expansion based on the integration of the near-field current is incomplete [Eqs. (1)- (3)]. As the normalized particle radius (α = kR) is getting larger and larger (that is to say the particle radius R is getting larger and larger or the functioning wavelength is getting smaller or smaller), higher order correcting terms including the toroidal dipole T would arise. That is to say, multipole expansions even including toroidal multipoles are still incomplete. For sufficiently larger α, other higher order correcting terms must also be incorporated [10, 11, 13-15, 25, 26] .
Results and Discussions
In Fig. 1(a) the schematic of the scattering configuration is shown: the pane wave is scattered by a spherical particle, which could be homogenous and isotropic (metal or dielectric) with refractive index n or radially anisotropic with radial permittivity ε r and transverse (perpendicular α=kR n=3 R=200 nm Scattered Power W, a.u. 3 The distributions for both the normalized magnetic field along y direction H y (color-plots) and displacement field D = εE on plane (vector-plots, only the field inside the particle is plotted) are shown (the dashed black lines denote the boundaries of the particles), as is also the case for Figs. 3-4. to the radial direction) permittivity ε t = n 2 . The anisotropy parameter is defined as η = ε t /ε r . The plane wave is polarized along x direction and propagating along z direction. In Fig. 1(b) we show the excited toroidal dipole T within the particle by the magnetic field H and current distribution J.
TD excitation within homogenous and isotropic dielectric particles
As a first step we study the plane wave scattering by a homogenous and isotropic dielectric sphere of R = 200 nm and n = 3. The scattered power spectra [in terms of P(a 1 ), P and T] are shown in Fig. 2(a) . Four points A-D are selected and indicated by black dots in Fig. 2(a) and the corresponding near-field distributions are shown in Fig. 2(A-D) : the vector-plots correspond to the displacement field D = εE on the x − z plane [only the field within the particle is plotted, as At point A of α = 0.8, the quasi-static approximation can be applied, and thus the total dipolar field can be approximated as a conventional electric dipole: P(a 1 ) ≈ P. This is due to the fact that in the quasi-static spectral regime, T and other higher order correcting terms in Eq. (9) can be neglected. To further confirm this, we show the near fields at point A in Fig. 2(A) , where a typical electric dipole field is exhibited.
At Points B and C of α = 0.8 and 2.6 respectively, which is beyond the quasi-static spectral regime, the quasi-static approximation breaks down and thus the contributions of TD have to be included [see Eq. (9)]. At those points, P been totally suppressed and there are only efficient TD excitation: P(a 1 ) ≈ ikT. The corresponding near-field distributions are shown respectively in Fig. 2(B-C) . It is worth mentioning that the field distribution at points B in Fig. 2(B) corresponds exactly to the filed and currents shown in Fig. 1(b) , which is a typical and fundamental representation of TD [the magnetic field is confined within the particle and there are two field intensity peaks (thus two oppositely circulating current loops on plane) across]. The field distribution at point C shown in Fig. 2(C) , though different from what is shown in Fig. 1(B) , also corresponds to a TD, which however is of a higher mode number with more field lobes [19, 27, 28] [the magnetic field is also confined within the particle while there are four field intensity peaks across].
At Points D of α = 3 which is far beyond the quasi-static spectral regime, even the incorporation of TD will not account for all the dipolar scattering, which can be confirmed in Fig. 2(a) : though at point D the overall dipolar scattering is negligible [P(a 1 ), dashed black curve], TD response T is dominant over P and this means that they cannot interfere totally in a destructive way, thus catcalling the scattering of each other [11, 13] ; As a result, besides P and T, there must be higher order correcting terms for P(a 1 ) as shown in Eq. (9) . This further proves that the multipole expansions based on near-field integration is still incomplete even of the toroidal responses have been considered. Besides conventional electric, magnetic and toroidal multipoles, there are other terms which will become more and more significant as the particle dimension gets larger and larger compared to the functioning wavelength [14, 15, 25, 26] . The corresponding near-field distribution of point D is shown in Fig. 2(D) . 
TD excitation within homogenous and isotropic silver particles
As a next step we study the plane wave scattering by a homogenous and isotropic Ag sphere of R = 200 nm and the permittivity of silver is adopted from the experimental data in Ref. [29] . The scattered power spectra [in terms of P(a 1 ), P and T] are shown in Fig. 3(a) . Two points A and B are selected and indicated by black dots in Fig. 3(a) and the corresponding nearfield distributions are shown in Fig. 3(A-B) . Similar to the dielectric sphere discussed in the subsection above: At point A of α = 0.8 in the quasi-static regime, P is the only present term [P(a 1 ) ≈ P, see Fig. 3(a) ] and the near field exhibits a conventional electric dipole configuration [see Fig. 3(A) ]; At point B of α = 3.5 beyond the quasi-static spectral regime, the TD term arises [see Fig. 3(a) ] and the corresponding near field shown in Fig. 3(B) is similar to that shown in Fig. 2(B) . The difference is that in Fig. 2(B) there is only TD excitation while in Fig. 3 (B) there are also P and higher order correcting terms, similar to point D in Fig. 2(D) . In a word, here we show that for homogenous metallic particles, T can be effectively excited beyond the quasi-static spectral regime, which can be stronger over P [ Fig. 3(a) ].
Tuning the TDs excited within homogenous dielectric particle through radial anisotropy
At the end, we study the scattering of radially anisotropic dielectric spheres of radius R = 200 nm. The anisotropy parameter is η = ε t /ε r and the transverse permittivity is fixed at ε t = 9.
For radially anisotropic particles, both the Mie scattering coefficients and the near-fields can be calculated analytically in a similar manner to that of isotropic particles through modifying the expressions of the orders of related spherical Bessel functions to include the anisotropy parameters [28, [30] [31] [32] . As a result, current J [as is shown in Eq. (8) where ε(r) now is a tensor], P, T, P(a 1 ) and their scattered power for radially anisotropic spherical particles can also be calculated directly. The scattered power spectra are shown in Fig. 4(a) of η = 1/3 and in Fig. 4 (b) of η = 2 with contributions from P, T, and P(a 1 ). Four points where only TD are excited [P(a 1 ) ≈ ikT] with both suppressed P and higher order correcting terms are indicated by black dots (A: α = 1.27, B: α = 2.31, C: α = 1.72, D: α = 2.8). The corresponding near fields are shown respectively in Fig. 4(A)-(D) . It is known that through employing radial anisotropy, P(a 1 ) can be tuned to larger/smaller wavelengths (smaller/larger α) through employing smaller/larger η [28] . Similarly, TD excited within dielectric spheres can also be tuned by adjusting the radial anisotropy parameters, which is clear according to Fig. 4(a) and (b) . Compared to the isotropic case of η = 1 shown in Fig. 2(a) , the TD responses [e.g. characterized by the positions where only TD is excited, as indicated by points B and C in Fig. 2(a) and points A-D in Fig. 4(a-b) ] can be tuned to larger wavelengths (smaller α) through making η < 1 [see Fig. 4(a) ] and to smaller wavelengths (larger α) through rendering η > 1 [ Fig. 4(b) ]. For the near-field distributions, both TD with low mode number [see Fig. 4 (A) and (C), which is similar to Fig. 2(B) ] and higher mode number [see Fig. 4 (B) and (D), which is similar to Fig. 2(C) ] can be effectively tuned within radially anisotropic dielectric particles.
Conclusions and Outlook
To conclude, we revisit the fundamental problem of Mie scattering of spherical particles from the new perspective of TD excitation and tuning. Besides the demonstration of TDs within dielectric particles, we further demonstrate that TDs can be effectively excited even within homogenous metallic particles as long as it is beyond the quasi-static spectral regime. It is further shown that the TDs excited can be spectrally tuned by adjusting the radial anisotropy parameters, which paves the way for further flexible manipulations of toroidal responses.
It is worth mentioning that here we have confined our study to the electric dipolar responses (transverse magnetic dipolar responses [11, 17] ) and similar studies can certainly conducted for the magnetic dipolar responses (transverse electric dipolar responses [11, 17] ), or both transverse magnetic and transverse electric responses of higher orders. Such multipole expansions including toroidal responses can also be implemented for other non-spherical structures where the fields and currents, and thus related multipoles can be calculated through numerical methods. As for the expansion of the dipolar scattering shown in Eq. (9), we have only discussed in detail the correcting terms up to toroidal dipoles, and similarly higher order correcting terms can also be further investigated [10, 11, 13-15, 25, 26] . For the tuning of TDs excited, Here in this paper we employ only the radial anisotropy, and it is natural to expect that the other kinds of anisotropy, nonlinear and/or gain effects can also be used for further more flexible manipulations of toroidal multipole responses.
We believe that the incorporation of toroidal multipoles into scattering nanoparticles and the explorations into their tunability have not only expanded our understanding of the fundamental Mie scattering physics, but also would be of great significance for both far-field scattering pattern shaping [22, 33, 34] and near-field manipulations, which could possibly stimulate many scattering related fundamental researches and applications such as nano-lasing [35, 36] , sensing [37] , nanoantennas [38] , and photovoltaic devices [39] . Moreover, investigations into lightmatter interactions involving toroidal multipoles can be possibly conducted on the recently emerging topological [40] and/or two-dimensional [41] photonic platforms, and probably can lay a solid foundation for the decisive solution of the dynamical Aharonov-Bohm effect controversy concerning quantum information processing [42, 43] .
